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SUMMARY 

Three alternative single-integral representations for the Green function of the theory of ship wave resistance 
are derived in a unified manner from a basic double-integral representation. These alternative single-integral 
representations, which essentially are modifications of well-known double-integral representations due to 
MicheU, Havelock, and Peters, are compared and discussed. Another object of this study is to examine the field 
equation and the boundary condition satisfied by the Green function in the limiting case when the singular 
point is exactly at the free surface. 

1. Introduction 

For several decades, theoretical investigations of  the wave-making resistance of ships were almost 

exclusively restricted to the evaluation and testing of  MicheU's celebrated wave resistance for- 

mula (mainly for idealized hulls of  simple geometrical shape), and only since the advent of  fast 
electronic computers has it become possible to contemplate the implementation of  more so- 

phisticated theories than Michell's first-order thin-ship approximation. Prediction of  flow about 

an arbitrary ship hull - even if one greatly simplifies the real problem by neglecting any effect 

due to the ship propeller, the viscosity of  water, the formation of  spray at the ship bow, and 

free surface nonlinearities - presents formidable difficulties, however, from both the standpoints 

of  the development of  a satisfactory mathematical model and of  the numerical implementation 
of  any such theory. 

The numerical difficulties of  the problem can essentially be traced to the complexity of  the 

mathematical expression for the Green function, or more precisely of  any of  the several avail- 

able alternative expressions for this fundamental function. As is discussed in Appendix 1 of  Eg- 

gers, Sharma, and Ward [1], there appear to be three basic alternative expressions for the Green 
function. The best-known of  these probably is that given by Havelock [2], or a modification of  

it due to Lunde [3] and quoted in Wehausen and Laitone [4]. Of the two other above-mention- 
ed alternative expressions, one is due to Peters [5], while the other may be traced back to Michell's 

famous paper [6], in which it is implicitly contained. Each of  these three basic alternative ex- 
pressions (see [1] for instance) involves one double (two-fold) integral as well as one (or two, in 

the case of  Michell's expression) single (one-fold) integral. The double integrals represent non- 
oscillatory nearfield (local) flow disturbances, while the single integrals represent oscillatory dis- 
turbances in which may be recognized the classical pattern of  ship waves. 

With the advent of  electronic computers opening up the feasibility of  numerical calculations, 
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the need for expressions for the Green function more amenable to numerical evaluation than 
the above-mentioned basic expressions has led to a renewal of interest in the Green function in 
the last ten to fifteen years, as is attested to by several studies in which various modified expres- 
sions for the Green function are proposed. A brief review of these studies may be found in No- 
blesse [7]. In particular, the Havelock-Lunde form [2, 3, 1] of the Green function has been the 
object of several investigations, in which modifications of this expression more suitable for nu- 
merical evaluation are sought. The last study in this series of investigations (see [7] for a brief 
review) seeking to simplify the Havelock form of the Green function is that by Shen and Farell 
[8], where an expression essentially identical to the expression defined by formulas (12)in the 
present study was obtained. This study of Shen and Farell and a study by Andersson [9] prompted 
the present author [7] to modify the Peters form [5, 1] of the Green function in a manner anal- 
ogous to Shen and Farell's modification of the Havelock expression. Specifically, the modified 
Havelock and Peters expression obtained in [8] and [7] and given in this study by expressions 
(12) and (7), respectively, mainly differ from the original expressions obtained by Havelock [2] 
and Peters [5] and given in [1] in that the double integrals in these basic expressions (which re- 
present nonoscillatory near-field flow disturbances as was noted previously) have been trans- 
formed into single integrals involving the exponential integral El (~), which can be regarded as a 
standard function for analytical as well as numerical purposes, in the integrands. 

One might suspect that the third of the above-mentioned alternative basic forms for the 
Green function, namely the expression given implicitly by Michell [6] and explicitly in [1], can 
be modified in a manner analogous to the modifications of the Havelock and Peters expressions 
obtained in [8] and [7]. This modified Michell form of the Green function in fact is obtained in 
the present study, and is specifically given by formulas (9). Like expressions (12) and (7) for 
the modified Havelock and Peters representations for the Green function, expressions (9) for 
the modified Michell representation differ from the basic Michell expression given in [1] in that 
the double integral representing a nonoscillatory near-field disturbance is expressed as a single 
integral in terms of the exponential integral El (~') in the integrand. 

Another object of the present study (in addition to obtaining the above-mentioned modified 
Michell form of the Green function) is to show that this modified Michell expression and the 
modified Havelock and Peters expressions, obtained previously in [8] and [7], can be derived in 
a unified straightforward manner from the basic double-integral representation given by formula 
(5), specifically by evaluating the inner (complex) integral by means of contour integration. This 
derivation shows that the origin of the three alternative single-integral representations given by 
formulas (7), (9), and (12) can be traced to interchanging the order of integration with respect 
to the Fourier-transform variables ~ and 7? in the double integral (5) and to transforming this 
double integral from an integral in the 'Cartesian space' ~, ~/to an integral in the 'polar space' t9, 
0 (by performing the change of variables ~ -- pcos0,77 = 0sin0). 

Among the three alternative single-integral representations given by formulas (7), (9), and 
(12), the modified Peters representation (7) appears to be the most desirable for the purpose of 
numerical calculations. Expression (7a) for the near-field disturbance can be expressed in the 
form given by equation (13), as was shown previously in Noblesse [10], which is well suited for 
numerical evaluation. The corresponding expressions for the gradient of the Green function are 
given in [10]. Another appealing feature of the modified Peters integral representation (7) is 
that expression (7a) for the near-field disturbance is well-suited for the purpose of obtaining an 

Journal of Engineering Math., Vol. 15 (1981) 241-265 



The Green function of the theory of ship wave resistance 243 

ascending series useful for small values of L x '  L. As a matter of fact, the two algebraic terms on 

the right side of equation (13) are the first two terms in this ascending series, and the third term 
in the series is given in [10], equation (5). 

However, expression (7a) is not suited for obtaining an asymptotic expansion for large values 

of Ix' h. A complementary integral representation for the near-field disturbance in the Peters re- 
presentation (7) therefore is obtained in this study. This complementary integral representation 

is given by equation (14), which can be obtained by combining the modified Peters and Havelock 

representations (7) and (12). The integral representation (14) is suited for the purpose of ob- 
taining an asymptotic expansion useful for evaluating the near-field disturbance for large and 
moderate values of I x '  I. As a matter of fact, an asymptotic expansion for the near-field disturb- 

ance has previously been obtained from expression (14) in Noblesse [11] in the particular case 
when y'  - 0, for which the last integral on the right side vanishes. 

A last and main object of this study is to show that the Green function of the theory of ship 
wave resistance satisfies the field equations and free surface boundary conditions given by equa- 

tions (17) and (18). The equations corresponding to the case c < 0 or z < 0 in equations (17) 

or (18), respectively, are well known. However, the equations corresponding to the limiting case 
c = 0 or z = 0 do not appear to have been explicitly indicated previously, to the author's know- 

ledge, except in Noblesse [12] where the limiting form of these equations obtained by putting 
e = 0 in formulas (17) and (18) was derived on the basis of a simple physical argument. This 
physical reasoning is completed here by a more formal mathematical demonstration. Equations 
(18) are important for obtaining an integral equation for the velocity potential of the flow caused 
by steady rectilinear motion of a ship in a quiescent sea, as is shown in [12]. 

2. Formulation of the problem 

The linearized free surface boundary condition appropriate to a free surface gravity flow ob- 

served from a system of coordinates in translation with constant speed U along the X axis in the 
positive direction takes the familiar form 

[g~z +(U~x DT)2] ¢b=O°nZ=O,  

where g represents the acceleration of gravity, Z is the vertical coordinate with the free surface 

taken as the plane Z = 0, Tis the time, q~ is the velocity potential of the flow, and the symbols 
3z, 3x, 3T mean differentiation with respect to Z, X, and T, respectively. It is convenient to 
define nondimensional variables in terms of U, U/g, U2/g, and U3/g as characteristic velocity. 
time, length, and velocity potential, respectively; we thus have 

t = T g / u ,  x = X g / U  , -- , g / U  

as nondimensional time, coordinates, and potential, respectively, in terms of which the free sur- 
face condition takes the form 

[~z+(Ox--Ot )2]~=0 o n z = 0 .  
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In this study, we are interested in flows that do not vary with time. As is well known, and is 

discussed for instance in Stoker [13], steady-state free surface grayity-flow problems require the 

use of  a 'radiation condition' for complete determinacy. A convenient alternative approach, used 
for instance in LighthiU [14], consists in defining a steady-state flow as the limit - as the small 

positive auxiliary parameter e vanishes - of  a time-dependent flow defined by a potential of  the 
form ~(x ,  t) = ~0(x)exp(et),.so that one is faced with a traditional 'initial-value problem' (with 
the obvious 'initial conditions' q~ = 0 and q~t = 0 for t = - ~) .  The free surface condition for the 

'spatial component '  ~0(x) of  the potential ~o(x)exp(et) then takes the form 

[a z+(a x-e)2]s0= 0onz=0, 

or equivalently 

~z+~xx--2e~x+e2~o= 0 onz  =0 .  

It may be worthwhile to note here in passing that if  the term e2~o is neglected - as can be justi- 
fied for e ~ 1 - this free surface condition becomes identical with the often-used condition 

obtained by invoking Rayleigh's 'artificial viscosity' concept, as is described for instance in Lamb 
[15]. 

The Green function G (x; a,  e) associated with the above free surface boundary condition is 

the solution of  the problem defined by 

V 2 G = 6 ( x - a ) 8 ( y - b ) 6 ( z - e )  i n z < 0 ,  ( la )  

[ a z + ( 3 x - e )  2 ] G = 0  ~ o n z = 0 ,  ( lb )  

G-+0 "-'as I x - a  I~oo, (lc) 

where 6( ) represents the usual Dirac '6 function' ,  a (a, b, c) is the position vector of  the singu- 

larity (unit source), and e is assumed to be strictly negative. The Green function of  the theory 

of  ship wave resistance is the function G (x ; a ) - G (x  ; a ,  e = +0). 

3. Double-integral representation of the Green function 

A particular solution of the Poisson equation ( la )  is given by 41rG = -  1/r where r -  I x -  a I is 
the distance between the 'source point '  a and the 'field point '  x ,  as is well known and can read- 
ily be verified. The general solution of  equation ( la)  can thus be written as 

41 rG(x ;a ,  e) = - 1/r + H ( x ; a ,  e), (2) 

where the function H is regular harmonic in the lower half space z < 0, and evidently is to be 
determined from the boundary conditions ( lb ,  c). Indeed substitution of  expression (2) into 
equations ( la ,  b, c) yields 
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V 2 H = 0  inz < 0 ,  

[Oz +(3x - e)2] H =  [az +(ax -e)2](1 /r )  o n z =  0, 

H - ~ 0  as r-+oo. 
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(3a) 

(3b) 

(3c) 

The above problem can be solved by using a double Fourier transform with respect to the 

horizontal coordinates x and y. The double Fourier transform of the function H ( x  ; a ,  e) is de- 

noted by H**(~, r/, z; a ,  e) and defined as 

1 f[o f_~o H**(~ , r l , z ;a , e )=  ~ - ~  dy ~ d x e i ( ~ x + ~ y ) H ( x ; a ' e ) "  

The corresponding Fourier transform of the function 1/r is 

(l/r)** = (1/p)exp [ -p  Iz - c I+ i(~a + ~b)] 

where p = (~2 + 772)1/2, as may be verified. By taking the double Fourier transform with respect 

to x and y of equations (3a, b, c) we may then obtain the following 'Fourier-transformed prob- 
lem' for the function H**(z; ~, r/, a ,  e): 

dZH**/dz 2 p2H** = 0 in z < 0, (4a) 

dH**/dz - (~ - ie)2H ** = - [1 + (~ - ie)2/p]e °c+i(~a+nb) onz = O, (4b) 

H** ~ 0  asz-->-oo.  (4c) 

The general solution of the ordinary differential equation (4a) is H** = A exp(oz) + B exp 

( -pz) ,  where A and B are arbitrary constants. The boundary condition (4c) shows that B = 0, 

while the constant A then can be determined from the free surface condition (4b). We thus may 
obtain 

H** = lep(Z+C)+i([a+rlb) 2 
P P - (~ -- ie) ~ 

eO(Z +c)+i(~a+r~b ). 

The function H(x  ; a ,  e) may now be obtained by taking the inverse double Fourier transform 
of the function H**, namely 

H ( x , y , z ; a ,  e)= 27r f S ~  drl f'_*~ d~e-i(~x+r~Y)H**(~,rl, z ; a , e  ). 

Upon substituting the above expression for H**, we may obtain 

i 

1 1 ~¢ e pz 
H ( x ; a , e ) :  r' 

p - ( ~  - i e )  2 
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, , , , )14 wherex =_x - a , y  - y  - b , z  - z  +c,  andr  = ( x  '2 + y ' 2  +Z '2  , by definition. 

By substituting the above expression for H into equation (2), we may finally obtain 

4 r r G ( x ; a , e )  = - - 1  + 1, l f=_= d o  f ~  d~ eZ ' (~2+~2)Y2- i (x '~+Y'r~)  

r r rr ~ (~2 + r12)½ _ (~ _ ie)2 
(5) 

In the following three sections, three alternative expressions - each one involving single (one- 
fold) integrals only - will be derived from the classical basic double-integral representation (5). 

4. The Cartesian x - y integration and the resulting Peters single-integral representation 

Let the double-integral representation (5) for the Green function G (x  ; a ,  e) be expressed in the 
form 

1 1 1 f ~  , , 
- - + , - e - i y ' r l  11 ( r l ; x  , z  , e)d~7, (6) 4rrG 

r r 7r J -  - ~  

where the inner integral I 1 is defined as 

, oo eZ'(~ ~ + n 2 ) V 2 - i x ' ~  

11 (r/; x , z', e) = f_. ~ (~2 + r/2 )½ _ (~ _ ie)2 d~. (6a) 

Evaluation of  the integral 11 by treating it as an integral along the real axis in the integration 
contours in the complex ~ plane shown in Figure 1 yields* in the limit e = +0 

- -  I x '  I ( #  2 + r / 2  )½+iz'ls 
lx = i  ~ (U 2 +r/2 +iU)(la2 + ~72)lA pd u 

H ( - x ' ) 4 7 r  , ~ )½ . , 
e z (~ + ~  sm(x a), 

2c~-  1/a 
(6b) 

where a = { [1 + (1 + 4r/2 )1/2]/2}½ and H(  ) is the usual Heaviside 'unit-step function'. 

By substituting expression (6b) for the inner integral 1i into equation (6), and after perform- 

ing some transformations,* we may express the Green function G (x;  a )  of  the theory of  ship 

wave resistance in the form 

4rrG (x;  a ) = - 1 / r  + N l  (x ' )  + Wl (x ' ) ,  

where the functions Nl (x ' )  and WI (x ' )  are defined as 

X l ( X , )  1 2 / ~  = - -  + I m  e ~l E l ( ~ ' l ) d t  , 
r t 1 

(7) 

(7a) 

in which r '  = Ix' I as was defined previously and ~'l is the complex function given by 

~'1 = [z'(1 t2) '/2 + y ' t + i  Ix'  I](1 - r e )  ~A, (7a') 

* For details, see Appendix 1. 
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-~  +iO '['~il' o +  iO 

Figure 1. Integration contours in the complex ~ = ~r + i~i plane for x' < 0 (above) and x' > 0 (below). 

and 

W~ (x ' )  = H ( - x ' ) 4  f~-°oo Im e z'(1 +t2 )+i(x'+y't)(1 +t: ) 1/2 dt. (7b) 

tn formula (7a), as indeed hereafter in this study, the function El (~') is the exponential integral 

defined by 

_~. 
E t ( f ) = f ~  e)~ dX, 

where the path of  integration is assumed to exclude the origin and not to cross the negative real 

axis in the complex 2, plane, in accordance with the definition used in Abramowitz and Stegun 

[16], p. 228. 

5. The Cartesiany - x integration and the resulting Michell single-integral representation 

By interchanging the order of  integration in the double integral in equation (5), we may express 

the Green function G (x ; a ,  e) in the form 

_1 _1, 1 f~_o e_iX'~ i 2 41rG = - r + - (~;y ' , z ' ,e)d~ (8) 
r 71" o o  

where the inner integral/2 is defined as 

i2 (~;v , , z , , e )= f 5  ~ eZ'(n2 +~)V2-ity'l,~ 
- 072 + ~2)~A _ (~ _ ie)2 dr?, (8a) 
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~¢({ 2-1)1/2-i0 ~(~¢ 2_1 ) v2_iO 

-i lel (I-~2) ''2 / 

cut 

Figure 2. Integration contour  in the complex rj = "Or + ir~i plane 

~ r  

in which the obvious symmetry with respect to y '  has been used explicitly. 
Evaluation of  the integral 12 by treating it as an integral along the real axis in the integration 

contour in the complex r/plane shown in Figure 2 yields* in the limit e = +0 

I= =i/'_2 e-lY'l(#2 +[~)l/2 +iz'# 
(iu__ ~2)(la = +~2)% tad# - 2niR, (8b) 

where R is the residue given by 

R = l exp [z' ~2 _ i l y '  I~(~ 2 - 1)~A] ~/(~2 _ 1)Y2 for t ~ I > 1 

/ i exp[z'~ 2 - ly ' l  I~1(1 _ ~2)~] L~ I/(1 - ~ 2 )  1/2 for I~1< 1 

(8b t) 

By substituting expression (8b) for the inner integral 12 into equation (8), and after perform- 
ing some transformations*, we may express the Green function G (x ; a) of the theory of ship 
wave resistance in the form 

47rG(x ; a)  = - 1/r + N2(x')  + W2(x'), (9) 

where the functions Nz(x ' )  and W2(x') are defined as 

N2(x ')  1 2 f~_~ Im e ~2 = --  + - El (f2) f t /T 

t d t  

(1 + t 2 )  1A ' 
(9a) 

in which ~'z is the complex function given by 

~2 = [x' - z'  t + i ly'  I(1 + t2)l/2]t, (9a') 

* For details, see Appendix  2. 
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and 

W2 (x ' )  = 4 f o  Im  e z' ( l + t= )+i(x'+ ly ' l t)(l  + t 2 ) 1/2 d t  

- 4 f O  l R e  e z ' ( l  - t~ ) - l y ' l t ( 1  - t 2 ) %  + i x ' ( 1  - t 2 )½ dt.  

249 

(9b) 

6. The polar p - 0 integration and the resulting Havelock single-integral representation 

By expressing the Cartesian variables ~ and 77 in the double integral in equation (5) in terms of  
the polar variables p and 0, as follows: ~ = p cos0 and r? = p sin0, we may express the Green function 
G ( x ; a ,  e) in the form 

e [z ' -  i(x'cosO + ly'lsin 0)],o - 1  7r 
4frO= -- + 4 - L( dO f( pdp (I0) 

r r rr a-Tr p - (pcos0 - ie) 2 

By performing some simple transformations (including the change of  variable t = tan0) we may 
obtain* in the limit e = +0 

- I  1 2 f ~  
47rG = - -  + - ,  + R e l a ( t ; x  )d t ,  (11) 

r r o o  

where the inner integral 13 is def'med as 

r ~ e [ Z ' -  i ( x ' +  ly ' i t)(1 +t  2) -y210 
Ia(t;  X / ) J0 p - (1 + t 2 + iO) do.  (11 a) 

Evaluation of  the integral la by treating it as an integral along the positive real axis in the 
integration contours in the complex p plane shown in Figure 3 yields* 

/3 (t; x ') = e ~E 1 (~) + H ( -  x ' / l y '  I - t) 21tie ~', ( 11 b) 

where ~" is the complex function given by 

~" = z'(1 + t  2) - i ( x ' +  ly '  It)(1 +t2)  V2. (1 lb ' )  

By substituting expression (1 lb)  into equation (11), and after performing some elementary 
transformations, we may obtain 

47rG(x ;a )  = - 1/r + N 3 ( x ' ) +  W3(x'), (12) 

* For details, see Appendix 3. 
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co. -oo <, < - x ' / l ~  

) Pt 

~Pi Pr Iz'(l+t2) I/2 = p I I (x'+lY' It ) 

l+t2+iO 

cose - x ' / l y '  I < t < + O 0  ~ / 

Figure 3. Integration contours in the complex o = Or + ioi plane for - ~  < t < - x ' / l y ' l  (above) and 
- x ' / l y ' l  < t < +~ (below). 

where the functions N 3 ( x '  ) and I¥3(x'  ) are defined as 

1 2 
N 3 ( X ' )  = ? + -~f:oo Re e ~ El(~a)dt, 

in which 5"3 is the complex function given by 

5"3 = [z ' ( l  + t2) ~A + i(x' +y ' t ) ]  (1 + t2) y2, 

and 

f X  ~ ~ p 
14/3(X') = 4 '/Ly'l Im e z (l+t2)+i(x - l y ' l t ) ( l + t 2 ) l A d t .  

(12a) 

(12a') 

(12b) 

7. Comparison and discussion of above alternative expressions for the Green function 

The three above-derived alternative expressions (7), (9), and (12) for the Green function are all 

written as the sum of  three terms, as follows: 

4 n G ( x ; a )  = - 1/r + N ( x ' )  + l¢(x ' ) .  

In this expression, the term - l/r, where r -- Ix - a I is the distance between the 'source point '  

a and the 'field point '  x, is the usual Green function for potential flow in an unbounded fluid (that 
is, in the absence of  a free surface), while the effect o f  the free surface is accounted for by the terms 

N ( x ' )  and I¢(x ' ) ,  where x ' (x '  - x - a, y '  = y - b, z '  = z  + c) is the vector joining the mirror 
image of  the 'source point '  a with respect to the free surface z = 0 to the 'field point '  x ; the 
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terms W(x') in expressions (7), (9), and (12), which stem from the residues in the complex in- 
tegrations depicted in Figures 1, 2, and 3, are oscillatory functions ofx '  and y '  representing the 
wave pattern caused by the moving source, while the terms N(x ' )  are nonoscillatory functions 
representing near-field (local) disturbances. 

There are obvious similarities among the mathematical expressions for the 'near-field' and 
'wave' disturbances N(x ' )  and W(x') given by equations (7), (9), and (12). In particular, ex- 
pressions (7a), (9a), and (12a) for the 'near-field disturbances' all involve a single integral with 
fixed limits of integration, namely [-1, +1] for expression (7a) and [---oo, +oo] for expressions 
(9a) and (12a), in terms of the exponential integral El (~')in the integrand. The function El (~') 
can be regarded as a standard function for all purposes, analytical as well as numerical. Indeed, 
the function E~ (~') possesses both a convergent ascending series for I ~" I < oo and an asymptotic 
expansion as I~" I -+ oo, which are given for instance by equations (5.1.11) and (5.1.51) on pages 
229 and 231 in Abramowitz and Stegun [16]. Furthermore, for the purpose of numerical eval- 
uation these series can be supplemented by an intermediate approximation, so-called 'approxi- 
mation by equivalent poles', due to Hershey [17]. An interesting common feature of expressions 
(7a), (9a), and (12a) for N(x ' )  is that they are even functions of both y'  (as was evidently to be 
expected on physical grounds) and x ', as can easily be verified. Indeed, the evenness of expres- 
sions (7a) and (9a) with respect to x' and y ' ,  respectively, is self evident from formulas (7a') 
and (9a'), and the evenness of expressions (7a) and (9a) with respect to y '  and x', respectively, 
and of expression (12a) with respect to x' and y ' ,  can be established by performing the change 
of variable r = - t  in the integrals (7a), (9a), and (12a). Expressions (7a), (9a), and (12a) for 
N(x ' )  thus represent (near-field) disturbances that are 'symmetric' upstream and downstream 
for the moving source. 

Differences among the alternative mathematical expressions (7), (9), and (12) for the Green 
function are most readily apparent from expressions (7b), (9b), and (12b) for the 'wave disturb- 
ances' W (x'). In particular, expression (7b) for W1 (x') involves a single integral, while two inte- 
grals are involved in expression (9b) for 1¥2(x'). A common feature of the integrals in expres- 
sions (7b) and (9b) is that the limits of integration are fixed, whereas the lower limit of integra- 
tion in expression (12b) for W3(x') is x'/[y'  I, which is obviously not constant but varies with 
the relative positions of the 'source' and 'field' points; this feature in fact appears to be a major 
drawback of the 'polar representation' (12), as is indeed discussed in [1]. From the physical 
point of view, an appealing feature of expression (7b) for the 'wave disturbance' W~ (x') resides 
in the fact that this expression is identically zero for x' > 0, that is upstream from the source, 
so that this expression makes particularly vivid the fact that the wave pattern created by a mov- 
ing source is behind the source, as is well known. From this physical point of view, as well as 
from the point of view of convenience for purposes of mathematical analysis and of numerical 
calculations, expression (7b) for the 'wave disturbance' would seem to be the most desirable of 
the three expressions (7b), (9b), and (12b). 

It may be also of interest to note that the Cartesian x - y representation (7) is closest in 
form to the expression for the two-dimensional Green function, corresponding to a two-dimen- 
sional line source of unit strength, which can be written as 

2zrG (x ;a) = £n r +N(x ' )  + W(x'), 
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I,/2 t t where r = I x - a I = [(x - a) 2 + (z - c) 2 ] , x (x --- x - a, z --- z + c), and the 'near-field' and 
'wave' disturbances N ( x ' )  and W(x') are given by 

p . w t - ~ • t 

N ( x ' ) = ~ n r '  + 2Ree  z +ix El(z +tx ) ,wl thr  =(x  '2 +z'2) yz, 

W(x') = H ( - x ' ) 2 n  Im e z'+ix' 

Another interesting feature of the modified Peters integral representation (7) resides in the 
property that expression (7a) for the near-field disturbance N(x  ') is well-suited for the purpose 
of obtaining an ascending series useful for evaluating N(x ' )  for small values of Ix' I. As a mat- 
ter of fact, it is shown in [10] that it is computationally advantageous to use the following mod- 
ified form of expression (7a): 

, , (  -,, ) 
N l ( x ' ) = - - r  - 2  1+ r ~  +-n l lm[e~ lE l (~ l )+~n~l  +7]dt,  (13) 

where the two algebraic terms on the right side actually are the first two terms in the above- 
mentioned ascending series OfNl (x') about the origin x' = 0, ~'~ is the complex function defined 

by equation (7a'), and 7 = 0.577... is Euler's constant. The third term in this ascending series 
is also given in [10], equation (5), and other terms in the series can in principle be obtained 
without difficulty. 

However, a drawback of the modified Peters integral representation (7) is that expression 
(7a) for the near-field disturbance is not suited for obtaining an asymptotic expansion for large 

values of Ix' I. The modified Havelock expression (12) may be useful for this purpose, as is 
shown below. By comparing expressions (7) and (12), we may express the near-field disturbance 
N l ( x ' )  in expression (7) in the form N1 = N3 + W3 --  W 1 .  Use of expressions (7b) and (12b) 

yields 

4 £ ~0 W 3 -- W 1 = j l x , l l l y , l l m e  z ' ( l + t 2 ) + i [ I x ' l -  l y ' l t ( l  +t2)½] d t  ' 

as may be obtained after some simple algebraic manipulations. Furthermore, it is convenient to 
express equation (12a) in the equivalent form 

1 2y5o ° IeY3El(~3)_~a] N3(x ' )  = - --, + - Re dt, 
r 

where the algebraic term, -1/r ' ,  on the right side is the first term in the asymptotic expansion of 
N3(x')  as Ix'l-+ oo. 

We may finally obtain the following alternative expression for the near-field disturbance 
N1 (x ' )  in equation (7): 

::. Ee :: Nl (x ' )  1 2 g E l ( ~ ' ) -  , dr+4 x'l/ly'l = -  - + -  Re Im e g dt, 
F r 

(14) 
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where ~" is the complex function given by 

~"= [z'(1 +t2)  V~ + / ( I x ' l -  ly '  It)] (1 +t2) V~. (14a) 

Expression (14) is suited for obtaining an asymptotic expansion useful for evaluating N 1 (x ' )  

for large and moderate values of Ix ' l .  As a matter of fact, an asymptotic expansion for NI (x ' )  
has previously been obtained from expression (14) in [11] in the particular case when y '  - 0 ,  

for which the last integral on the right side vanishes. 

8. On the field equation and boundary condition satisfied by the Green function 

The Green function G (x ; a ,  e = +0) may be interpreted physically as the linearized velocity po- 
tential, at the 'field point' x, of  the flow due to a unit source (that is, a point source where 

fluid is produced at a flow rate equal to unity), located at point a ,  in steady rectilinear motion 

at a constant depth ( - c  > 0) below the free surface of an otherwise quiescent sea, with the po- 

sition vectors x and 'a referred to a translating system of coordinates moving with the source. 

This physical interpretation of the Green function is well known, and indeed can readily be jus- 

tified from equations (1). In the limiting case c = 0, however, the unit source evidently is no 

longer fully submerged, so that the above physical interpretation becomes somewhat ambiguous. 

A more natural physical interpretation for this limiting case is to assume that the unit o~,tflow 
produced at point (a, b, c = 0) now stems from a flux across the (undisturbed) free surface z = 0 

The mathematical implications of this complementary interpretation, for the case c = 0, are 
examined below. 

With respect to a system of coordinates in translation with constant speed U along the X 

axis in the positive direction, as was defined previously, the linearized dynamic free surface 

boundary condition can be expressed as 

g e  + (~T -- U~X) qb = 0 o n  Z = O, 

where the pressure was taken as zero at the free surface, and E(X,  Y, 7) represents the elevation 

of the free surface above or below the mean water level Z = 0. In the presence of a fluid flux, 

Q (X, Y, T) say, across the free surface, the linearized kinematic free surface boundary condi- 
tion takes the form 

Cbz = (bT - Ubx) E - Q on Z = 0, 

where Q < 0 evidently means that fluid is sucked away across the free surface. Elimination of 

the free surface elevation E between the above dynamic and kinematic free surface conditions 
then yields 

[g~z + (Uax - ~ T) 2 ] ¢' = -- gQ on Z = 0, 

which becomes 

[Oz + ( a x - a t ) z ] ~ = - q  o n z = O  

Journal of Engineering Math., Vol. 15 (1981) 241-265 



254 F. Noblesse 

in terms of the nondimensional variables t = Tg/U, x = X g / U  2 , ~ = cbg/U a (used previously), 
and q = Q/U. If - as throughout the present study - we restrict our attention to flows with an 
exponential time-dependence factor of the form q~(x, t) = ~0(x)exp(et) and q ( x , y ,  t) = o ( x , y )  

exp(et), the above free surface boundary condition finally takes the form 

[a~+(a~-e)2]~o=-o onz=0. 

The expressions for the free surface boundary condition previously given in Section 2 evidently 
correspond to assuming Q, q, or o is zero in the above expressions. 

A unit flux across the free surface at point (a, b, c --- 0) corresponds to o(x, y )  = 5(x  - a) 8 

(y - b), so that the previously-mentioned physical interpretation of the Green function G (x ; a,  e) 

in the limiting case c = 0 suggests that this 'limit Green function', say G~(x;a, b, e) = G (x ;a, 
b, c = 0, e), must satisfy the following equations 

V 2 G ~ = O  i n z < 0 ,  (15a) 

[0 z + (a x - e) 2]G~ = -  8(x - a ) 6 ( y -  b) 

G ~ 0  as Ix - a  I~oo, 

on z = O, (15b) 

(15c) 

which are to be compared to equations (la,  b, c) satisfied by G (x;  a,  e) ifc < 0. A mathematical 
demonstration of the above physically motivated equations can readily be provided by verifying 

that the solution G~(x; a, b, e) of the problem defined by equations (15) actually is identical 
with the 'limit Green function' obtained by replacing c by zero in formula (5), namely 

--1 oo o0 
4rrG~(x; a, b, e) = T f- '  = drl f _ '  d~ 

+~2) 1/z i ( x '~+y ' r l )  eZ(~ 2 

(~z + rl 2)V2 _ (~ _ ie)2 
(16) 

or conversely by verifying that the 'limit Green function' G~ given by formula (16) does in fact 
satisfy equations (15)*. 

It may thus be seen, in summary, that the Green function G (x ; a, e) of ship wave resistance 
theory (where the limit e = + 0 ultimately is implied) satisfies the following equations 

r a G  = 6(x - a ) 6 ( y  - b )8 ( z  - c) 

[a z +(0 x - e )  2] G = 0  onz =0  

inz < 0  

i f c < 0  

V 2 G = 0  i n z < 0  

[Oz +(Sx - e) 2] G = -  6(x - a ) 6 ( y  - b)  o n z = 0  
t i f c = 0  

(17) 

* These mathemat ica l  demonst ra t ions  may be found in Appendix  4. 
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It may readily be seen, for instance from expression (5), that the Green function G (x ; a ,  e) ac- 

tually is a function of  the four variables x '  =_x - a , y '  =-y - b , z '  - z  +c,  and (z - c) 2 , so that 

this function is invariant under the changes of  variables x ~ - a, y ~ - b, z +--, c. By per- 
forming these changes of  variables in equations (17), we may then see that the Green function 

G ( x ; a ,  e) must atso satisfy the following equations: 

Va 2 G = 6 ( x - a ) 6 ( y - b ) f ( z  c) 

[Oc + (~a + 6)2 ] G = 0 on c = 0 

i n c < 0  
i f z < 0  

(18) 

~ a 2 G = O  i n c < 0  } 

[3c + (0a + 6)2 ] G = - 6 (x - a)6 (y  - b) on c = 0 

i fz  = 0 

where V a represents the differential operator (Oa, 0b, ac)" These equations, with e = 0, have 
been derived previously in [12], where they are used for the purpose of  obtaining an integral 

equation for the velocity potential of  the flow caused by steady rectilinear motion of  a ship in 
an otherwise quiescent sea. 

9. Conclusion 

In summary, the Green function G (x ; a ) in the theory of ship wave resistance may be expressed 

in the form 

4 r r G ( x ; a )  = - 1/r + N ( x ' )  + W(x ' ) .  (19) 

In this expression, the term -1 / r ,  where r --- Ix - a  I is the distance between the 'singular point '  

a and the 'field point '  x ,  is the Green function for potential flow in an unbounded fluid, and 

the terms N ( x ' )  and W(x ' ) ,  where x ' ( x '  -= x - a, y '  = y - b, z '  = z + c) is the vector joining 

the mir 'or  image of  a with respect to the plane of  the free surface z = 0 to the field point x ,  

account for the effect of  the free surface. The term W(x ' )  represents the wave pattern follow- 
ing the singularity, and is given by the integral 

W(x ' )  = H ( - x ' )  4 f ] °  Im e z'(1 +t2 )+i(x'+y't)(1 +t2) yz dt. 
o o  

(20) 

The term N ( x ' ) ,  on the other hand, represents a nonosciUatory near-field (local) disturbance. 
This near-field disturbance is given by the integral 

N ( x ' )  1 2 f_l = -7 + - Im e~El (~)dt, 
r f f  1 

(21) 

where r '  = ( x  '2 + y ' 2  + Z'2)IA, ~ ~_ [Z'(1 -- t2) Y2 + y ' t  + i Ix'l]  (1 - t2) Vz andE]  is the usual 
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exponential integral. For purposes of  numerical calculations, a convenient alternative expres- 
sion is 

( z 
N ( x ' ) =  1. - 2  1 + - - -  + - Im [efE~(f)+~nf+~,]dt ,  (21a) 

r r '  + Ix ' l  rr 1 

where 3, = 0.577... is Euler's constant. Expression (21) is well suited for obtaining an ascending 

series about the origin x '  = 0. Indeed, the first term in this series is I/r', so that we have 

N ( x  ') "~ 1/r' as r '  -+ 0, 

and the second term is shown in expression (21a). The third term in the series is given in [10], 
where the expression for VN corresponding to expressions (21) and (21a) can also be fou ,d .  

f i l m  (1/~)dt, the following alternative expression for By using the relation 1/r' = - ( 1 / I t )  1 

the near-field disturbance N ( x ' ) :  

= - -7 + - Im e ~ E l ( ~ ) -  dt (21b) 
r ff i 

can be obtained from expression (21). Although expression (21b) maj be useful for some 

analytical purposes, it is not well suited for purposes of  numerical evaluation. Neither is expres- 

sion (21 b) suited for obtaining an asymptotic expansion for large values of r'. A complementary 

integral representation suited for that purpose is 

N(x') "-71 2y_<<> I f ' '  ~,,] fl <><> = -  r + -n o~ Re ~ El(~ ) -  dt +4 x , l l l y , l lme~ 'd t ,  (21') 

where ~" = [z' (1 + t2) ~ + i ( Ix '  I - ly '  It)] (1 + t2) '/2. The first term in the asymptotic expan- 

sion of  N ( x ' )  indeed is given by 

N ( x ' )  • - 1/r' as r '  -+ o o .  

In the particular case when y '  = 0, the last integral on the right side of  expression (21') vanishes, 
and an asymptotic expansion for N(x ' ,  O, z') as x '2 + z '2 ~ oo has been obtained in [11] from 

the resulting simplified expression. 
Finally, it was shown that the Green function G (x ;  a ) satisfies the following equations: 

Va~G = ~ ( x  - a)  8 ( y  - b)  ~(~ - c)  

aG/a~ + a ~ G/aa 2 = 0 on c = 0 

Va2G=0 i n c < 0  

a G / a c  + a ~ G / a a  ~ = - ~ (x  - a)  ~ ( y  - b )  
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These equations are used in [12] for obtaining an integral equation for the velocity potential of  

the flow due to steady rectilinear motion of  a ship in a quiescent sea. 

Appendix 1 : The Cartesian x - y integration 

The integrand of  the inner integral 11 defined by formula (6a) has two simple poles given by the 
solutions of  the equation (~z + r/2 )~ = (~ _ ie)2, which may be shown to be + a + i0 in the limit 

e = +0, where a is defined as a = {[1 + (1 + 4r/2 )'A ]/2 }V~. These poles are depicted in Figure 1. The 

integral I1 can be treated as a complex integral along the real axis in the complex ~ plane. This 
path of  integration can be modified in the usual manner by introducing a properly-chosen closed 

integration contour comprising the real axis. Any such integration contour must evidently satis- 
fy the condition Re [z'(~z + 772)½ ix'~] ~< 0 as I ~ I -~ ~ ,  where Re denotes the real part. It 

may be verified that this condition is satisfied for the integration contours shown in Figure 1, 

where the upper and lower contours correspond to the cases x '  < 0 and x '  > 0, respectively. 
Let us consider the case x '  > 0 (lower contour) first. It can be verified that we have (~z + 

~72 )~A = _7_i(~ _ r~: )V2 for ~ = -+ 0 + i~i on the two sides of  the cut ~r = 0, -oo < ~i < - 17? I. We 

may then obtain 

t . t 2 2 1/2 

e x ~i +tz (~i - ~  ) [ - -17 / I  e x ' ~ i -  i z ' ( ~ -  ~?~ )V2 

= J---~ ~ i ~ ' 2 ~ - - - ' ~ 2 - ~ / ~  + [~i - - q  ' id~i+fS':' ~i--(~Si---rl2) ~ ;  id~i" 11 

The changes of  variable p = ( ~  rT:)W and p = - ( ~  - 7? 2 ) ' A  in the first and second integral, 

respectively, finally yield 

e_X'(#2 +~2)~A+iz'l~ 
I1 = i f : ~  (p2 + r/2 + iU)(p2 + 772)1/2 pdu. 

We now consider the case x '  < 0 (upper contour). It can be verified that we have (~2 + 772)V2 
= -+ i ( ~  - 7? 2 )1/2 for ~ = + 0 + i~i on the two sides of  the cut ~r = 0, I r/I < ~i < oo. We may then 

obtain 

t 2 2 x l / 2  t t 
I e x ' ~ i - i z  ( ~ i - ~  ) +oo e x ~i +iz ( [ ] - r / 2 )  1/2 

where R stems from the residues at the poles + a + i0; specifically we have R = 27ri IRes(a) ÷ 
Res(-a)], in which the residue Res(+a) at +o~ can be shown to be given by 

Res(+_a) = T- exp [z'(ot 2 + r~2) V2 ~ ix'a]/(2a - l /a) .  

By substituting this result into the above expression for 11, and by performing the changes of  
variables/~ = - ( ~  - r~ 2 )½ and/1 = ( ~  - r/2 )V~ in the first and second integral, respectively, we 
can finally obtain 

eX' (#  ~ +~2)Vz+iz'~ 

I~ =i: '_= (~2 +772 + itl)(tl2 +~72)V~ PdP 
47r eZ,(~ +~ )V~ 

2c~ 1/a sin(x'a). 
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Comparison of the above expressions for the inner integral 11 in the cases x' > 0 and x' < 0 
then readily yields formula (6b). By substituting expression (6b) into equation (6), we may 
then express the Green function G in the form of formula (7), with the functions N~ (~')and 
W 1 (x') given by 

** • , ** e -  Ix'L(/z2 + ' 0 2 ) ½ + i z ' / ' t  

N1 (x ' )=  rl' zr/f__ ~ d~e-'y n f'__~ -'~2 ~-+-~)('--~2 +-~-)1/2 tM•, 

eZ'(Ot 2 +.12 )½-  iy''0 
W~ (x') = H(-x ' )  4 fS~. -2a ~- l[da sin(x'a)dn. 

The change of variable r/= t (1 + t 2 )% in the above expression for the integral W~ may be shown 
to give 

W t (x') = H(-x ' )  4 f_5~ ez'(1 +t~) - iy't(l +t ~ ) 1A sin [x'(1 + t 2 )lA]dt, 

from which expression (7b) can then be obtained. 
We now consider the double integral N~, which may readily be written in the form 

i £,~ /,,o~ e -  Ix'l(/~2 + '02)½+i(y ' '0+z '~)  1 
NI ( x ' )  = -7 Mr/d/~. 

f 0o 

By performing the change of variables r~ = pcos0 and/a = osin0, that is by changing from the 
Cartesian coordinates (r~,/~) to the polar coordinates (P, 0), we may obtain 

= - ,  - I ( 0  ; x ' )  sin 0 dO, 
r 

where the inner integral I(0 ; x') is given by 

oo e- [ Ix ' l -  i(y'cosO +z'sinO)] 0 

I(0; x') = fo p + isinO do. 

The change of variable r = t) + i sin 0 yields 

f oo --~ I (O;x ' )=ef  sin0 e - [ l x ' l  -i(y'cosO+z'sinO)]r dr 
r 

where ~" is the complex function defined as 

~ = (y'cos 0 +z'sin 0 +i  Ix'l) sin 0. 

By performing the change of variable X = [Ix' l -  i(y' cos 0 + z' sin 0)]r, we may then obtain 

f: i (O.x,)=e~ e- x dX --X = ef El (¢), 
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where E~ (~') is the usual exponential integral, in which the path of  integration excludes the origin 
and does not cross the negative real axis in the complex X plane. 

By substituting this expression for I(0; x')  into the last of  the above expressions for N~ (x ' ) ,  
we then have 

1 i f ;~r e ~'E1 (~) sin OdO N~(x ' )  = r '  ~- 

t;: ;: } 1 i e~E1 (~') sin 9dO + e~E~ (~') sin Od9 
= r -7 -£ 7r 

- r' -~ e~E~ (~) sin OdO - f O  e~E'  (~-) sin $ d $  , 

where the change of  variable ~O = 0 + 7r was performed, and ~- is the complex conjugate of  the 
above-defined complex function ~" (with 0 replaced by if). By using the relation exp(~)E1 (~) = 
exp(~')El (~') we may then obtain 

1 
N I ( x ' ) -  

r 

i lr 
~ f 0  [eS'E'(~') - e~El(~')] sin OdO = 

1 2 Ir 
= r -' + -~fo Ime fE~( f ) s inOdO'  

from which formula (7a) can finally be obtained by performing the change of  variable t = cos 0. 

Appendix 2: The Cartesiany - x integration 

By multiplying the numerator and denominator of the integrand of  the inner integral 12 (~;)/ ,  
z', e) defined by equation (8a) by the expression (r/2 + ~2)1/2 + (~ _ ie)2, and by rearranging the 

denominator, we may express the integral 12 in the form 

t 2 2 ½ , i 1 

e z (n  +~ ) -~ly In [(rfl + ~ 2 ) / 2 + ( ~ - i e ) 2 ]  
i2 : 

For e 41 ,  we have (~ - ie) 4 ~2 ,x, ~2 (~2 _ I) i4e~ 3 . It can then be shown that the poles 4- 
[(~ _ ie)4 _ ~2]½ of the integrand of  the above integral are given by -+ [~(~2 _ 1)1/2 _ i0] for 
I~1 > 1 and _+ [0 - i~(1 - ~2)½] for I~1 < 1, in the limit e = + 0. The integral I2 can be treat- 
ed as a complex integral along the real axis in the complex r7 plane. This path of integration may 
be modified in the usual manner by introducing a properly-chosen closed integration contour 
comprising the real axis. Such an integration contour must evidently satisfy the condition 
Re[z,072 + ~2)½ _ i ly '  I ~7] ~< 0 as It/I-~ oo. It may be verified that this condition is satisfied 
for the integration contour shown in Figure 2. 
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It can be shown that we have (77 ~ + ~2)V2 . 2 _ ~:)V~ = T-l(Tli for ~ = + 0 + ir~i on the two sides 

of  the cut r/r = 0, - ~  < r/i < - I ~ 1. In the limit e = + 0, the integral I :  defined by equation (8a) 
can then be expressed in the form 

_ ~  ely'lr~i - t z  (~li _ ~ ) V z  I2 = : 5 : ~ 1  eiy,lr~i+iz,(~]_~2)V2 : -  . , z 
i(rl----~i --- ~)-----~/~ ~ idrli + I~t - i ( ~  - ~2) 'A - ~ idr~i - 2niR. 

In the above equation R is the residue at the pole ~(~2 _ 1)V2 _ i0, for I f  I >  t , o r - i l ~ l  (1 - 

~2)V~, for I ~ I < 1, given by expressions (8b'). Formula (8b) can then be obtained from the above 
expression for 15 by performing the changes of  variables/~ = (77 2 - ~2 )V~ and/a = - (r/~ - ~2)V2 

in the first and second integral, respectively. 

By substituting expression (8b) into equation (8), we may then express the Green function 
G in the form of formula (9), with the functions N2 (x ' )  and W2 (x ' )  defined as 

1 i e -  ly'I(~2 +~2 )vZ+iz, ~ 

(iu - ~2 )(U s + p )V~ UaU' 

W2(x')  = 2i : : ~  e - ix '~  R(~;  ly '  I ,z ')d~, 

in which R(~; l y ' i ,  z ')  is the residue given by expressions (8b'). We may then obtain 

W2(x')  = 4 f l  ~ e z ' ~  sin [ ly '  I~(~ 2 - 1) V~ +x'~]~(~ 2 - 1) -V~ d~ 

- 4 fo  I e z ' ~  - ly'l~(1 - ~ )V2 cos(x'~)~(1 - ~2)-Y2 d~, 

from which expression (9b) can finally be obtained by performing the changes of  variables ~ = 
(1 + t 2)y2 and ~ = (1 - t 2 ) IA in the first and second integral, respectively. 

We now consider the double integral N2, which may readily be written in the form 

1 i F , / , ~  ,~ e - [ ly ' I (#2 +~2)Vz+i(x'~-z'~z)] 
N2(x") = Iad~dla . 

By performing the change of variables ~ = pcosO and/~ = psinO, that is by changing from the 

Cartesian coordinates (~,/~) to the polar coordinates (p,  0), we may obtain 

1 i :31r/2 I (0  ; x ' )  sin 0 sec 20dO, 
= 2 + 

where the inner integral I (0;  x ' )  is given by 

- [ l y ' l  +i(x'cosO- z'sinO)lp F ~ e 
I ( O ; x ' ) = J o  p -- isin 0 sec20 dp. 
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The change of  variable ~- = p - i sin 0 sec 2 0 yields 

l ( O ; x , ) = e f  f ~ i  e-[ly'l+i(x'cosO -z'sinO)]r dr 
s i n  0 s e e  2 0 "i" 

where ~" is the complex function defined as 

~ '= (x ' cos0  z 's in0 i l y ' l )  s in0sec  20. 

By performing the change of  variable X = [ l y ' l +  i(x'cos 0 - z'sin 0)]~-, we may then obtain 

l(O'x')=e~ e -  x __dXx = e~Ex(~)' 

where E~ (~') is the usual exponential integral. 

By substituting this expression for I(0 ; x ' )  into the last of  the above expressions for N2(x ' ) ,  
we may then have 

1 i /`3~r/2 
N 2 ( x ' ) =  -7 + -  etEl(~)sinO sec2OdO 

P 7r J - . / 2  

_ , + -  ( . / 2  + f 3 . / 2  
r 7r 1 ~ / 2  etEl  (~') sin 0 sec 20d0 jTr/2 erE1 (~') sin 0 sec2OdO 

1, i - t - r- + ~[d -Tr /2  e~El(~)sinOsec2OdO j - n / 2  e~ 'E l ( ( ) s in  ffsec2~bd~b 

where the change of variable ~ = 0 - 7r was performed, and ~- is the complex conjugate of  the 

above-defined complex number ~" (with 0 replaced by 4). By using the relation exp(~)E~ (~-) = 
exp(~')Ei (~') we may then obtain 

N2 (x ' )  l i / - . / 2  = . + - [eS'El(~ ) - e-FEl(f)] sin0 sec2OdO 
F ~ J - ~ [ 2  

1, 2 / ` . / 2  
- - + - Irn e-UE-E1 (~') sin 0 sec 20dO 

r 1T J - . / 2  

l, 2 / ` . / 2  
_ - + -  Ime~El(~)sinOsec2OdO 

r ~ J - . / 2  

from which formula (9a) can finally be obtained by performing the change of  variable t = tan 0, 
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Append ix  3 : The polar  p - 0 integration 

For  e ~ 1, we have p - (pcos0  - ie) 2 ~ p - p2COS20 + 2iepcosO = -- pcos20  (p -- sec20 - 

2iesec 0), so tha t  formula (10) may  be expressed in the form 

- 1  
47rG = - -  

I* 

1 1 f3~r/2 
+ r -7, + ~ a - , / 2  I ( 0 ; x  , e )sec2OdO,  

with the inner integral  I (0  ; x'., e) def ined as 

, ~ e[Z' i (x 'cosO+ty ' ls inO)]p 
I (0 ; X , C) = fO dp. 

p - ( s e c 2 0  + 2iesecO) 

We may write 

47rG = --1 l 1 ~ (.r/2 , ' t - -  + --7 + -- I ( 0 ; X  ,e)sec2OdO + (-3~r/2 I ( 0 ; x  , e )  sec2OdO 
r r zr [ j - ~ / 2  J~ /2  

-1  1 1 ~ (~r/2 , , 
+ -7 + -  I ( 0 ; x , e ) s e c 2 0 d 0 + f ~ / 2  7 ( ~ ; x , e ) s e c 2 ~ d q J  

r r r r / J - ~ r / 2  J-~/2 J ' 

where the change o f  variable ff = 0 - rr was perfcrrmed in the last integral ,  a n d / d e n o t e s  the 

complex  conjugate  o f / .  We thus have 

-1  1 2 (-~r/2 ,, 
4rrG = ~ + + R e I ( O ; x  , e) sec2OdO, 

f rom which expressions (11) and (1 l a )  can then be derived by  per forming the change of  variable 

t = tan 0. 

The integral  13 (t ,  x ' )  def ined by  formula  (1 l a )  may  be t rea ted  as a complex  integral  along 

the posit ive real axis in the complex  p = Pr + iPi plane. This pa th  o f  in tegrat ion can be modi f ied  

in the usual manner  by  in t roducing a proper ly-chosen closed in tegrat ion con tour  compris ing the 

positive real axis. Such an in tegrat ion con tour  must  evident ly  satisfy the condi t ion  R e  [z' - i 

(x '  + I y '  I t) (1 + t 2 )- ' /2] p ~< 0 as I p I ~ oo. It may  be verified that  this condi t ion  is satisfied for 

the  in tegra t ion  contours  shown in Figure 3, where the upper  and lower  contours  cor respond to 

the cases - oo < t < - x ' / l y '  l and  - x ' / l y '  I <  t < + oo, respectively.  The character is t ic  feature 

of  these in tegrat ion contours  is that  we have l m  [z' - i (x '  + ly '  It)(1 + t2) -V2] p = 0 along the 

radial  lines defined by  the equat ion  pr /z ' ( l  + t2)  1A = pi / (x '  + ly '  It). A convenient  al ternative 

form for this equat ion  is p = Or + iPi = [ -  2' - i (x '  + ly '  It)(1 + t2)  -V2] o, where 0 i>0 is a para- 

meter ,  so tha t  we have [z'  - i (x '  + ly '  It)(1 + t2)-V~]p = - [z '2 + (x '  + l y '  102/(1 + t2) ]  0 along 

these radial lines. 

The integrand o f  the integral  I3 (t ;  x ' )  def ined by  formula  (11 a) has a simple pole at p = 1 + t 2 

+ i0, which is inside the in tegrat ion con tour  in the case - oo < t < - x ' / l y '  l, and outside in the 

case - x ' / [ y '  I <  t < + ~ ,  as is shown in Figure 3. We may  then obta in  
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13 = L ~ 

e-[Z '~ +(x'+ l y ' l t ) 2 / ( l + t 2 ) ]  o 

[z'+i(x'+ ly ' l t ) (1  + t2)  -1/2] o +  1 + t  2 
[z' + i(x' + ly' It)(1 + t2)-V2]do 

+ H(-x ' / ly ' l  - t)2rri Res(1 + t 2), 

where H (  ) is the usual Heaviside 'unit-step' function, and Res(1 + t 2) is the residue at the pole 
O = 1 + t 2 . It may readily be seen from formula (1 la) that we have 

Res(1 + t 2) = exp(~'), 

where ~" is the complex function defined by equation (I lb').  Multiplication of  the numerator 

and denominator of the integrand of the integral in the above expression for 13 by the expres- 
sion z' i(x' + ly'lt)(l + t2)-l/2, followed by the change ofvariable r = [z'2 +(x'+ ly'lt)2 / 
(1 + t2)] o, then yields 

e 
13 = f 0  ~ ~-+~, dr+H( x'/t .v'l- t)27rie ~. 

By performing the change of variable X = r + f, we can now obtain 

e - h  

13 =e~ f~ -~-  dX+H( x'/ly'[-t)2rrie ~, 

from which expression (1 lb)  can finally be obtained. 
By substituting expression (1 lb)  into equation (11), we may then express the Green function 

G in the form of formula (12), with the functions g3(x' ) and W3(x' ) defined as 

+ Re e~E, (~)dt, 

W3(x' )= 4 f 5 2  '/ly'I Reie~dt=4 f__52 '/ty'l l m J d t ,  

where ff is the complex conjugate of  the complex function ~'. Formula (12b) can finally be ob- 
tained by performing the change of variable r = - t in the above expression for W3 (x') .  The re- 
lations Re exp(~')E1 (~') = Re exp(f)El  (~') and exp (~')EI (f) = exp (~-)EI (~) yield 

N3(x')= ~ + Ree~E,(-~)dt, 

from which formulas (12a) and (12a') can finally be obtained by noting that I v ' lcan be replaced 
by y ' ,  as is obvious if y '  > 0, while for y '  < 0 we have I),'b= - y ' ,  which however becomesy '  
by performing the change of variable r = t in the integral (12a). 
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Appendix 4: Free surface condition satisfied by the Green function 

The problem defined by equations (15a, b, c) may be solved in the same manner as was used 
previously for solving the problem defined by equations (3a, b, c), namely by using a double 
Fourier transform with respect to the horizontal coordinates x andy. We may then obtain the 

'Fourier-transformed problem' 

d2G**,- 2 /az _(~2 +,r/2)G~* =0 i n z < 0 ,  

dG~*/dz (~-ie)2G~*=-exp[i(~a+rTb)]/27r onz =0,  

**-~0 as 2 -~ -- oo, GQ 

where G~ is the double-Fourier transform of G~. The solution of the above 'Fourier-transformed 

problem' may readily be found to be 

_]  e(~ ~ +~12)l/2z+i(~a+rlb) 

G~ - 27r (~2 +r/2)Vz (~_ie)2 , 

from which expression (16) may finally be obtained by taking the inverse double Fourier trans- 
form. 

Conversely, it may be shown that the 'limit Green function' G~ given by expression (16) sat- 
isfies equations (15a, b, c). Equations (15a) and (15c) can readily be checked. As for the free 
surface condition (15b), we have 

[3z +(O x -- e)2]G~ = -  ~ • e-iX'~d~ ~ e -'y ndrl onz =0, 

from which we may obtain 

[az +(~x - e )2]G~=-6(x ' ) f (Y ' )=- f ( x -a )6 (Y  - b )  o n z = 0  

by virtue of the relations 

1 
1 ei~X6(x)dx,6(x)= ~ f_= e-iX~d~, 

expressing the (well-known) fact that 6(x) and 1 are Fourier transform pairs. 
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